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Definition 3
What is a capped volatility swap?

A capped volatility swap is a forward contract on an asset's capped, annualized,
realized volatility, over a fixed period of length T,
with payoff structure

Notional x [min(Cap Level, og) — K].
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> og is the annualized, realized volatility of an asset S, over a period of length T,

calculated as
T 2
252 St
O'R:].OOX ? E <|n |:5t1:|> .

t=1




Definition
What is a capped volatility swap?

A capped volatility swap is a forward contract on an asset's capped, annualized,
realized volatility, over a fixed period of length T,
with payoff structure

Notional x [min(Cap Level, og) — K].

> The strike K is the fair price of the contract, determined at contract initiation.




Definition
What is a capped volatility swap?

A capped volatility swap is a forward contract on an asset's capped, annualized,
realized volatility, over a fixed period of length T,
with payoff structure

Notional x [min(Cap Level, og) — K].

> The strike K is the fair price of the contract, determined at contract initiation.

» To limit the risk exposure of the issuer, a cap level equal to 2.5 x K is set on og.




Problem Statement 5
Pricing a capped volatility swap

| 2

Volatility swaps provide a pure exposure to the volatility of the underlying asset and
are therefore frequently traded.

The contracts are traded over-the-counter, meaning that no price is readily available
on exchange.

Prices from different pricing sources tend to deviate from time to time.

We build our own pricing tool, to validate external prices.
® In general,

Price; = DF; x EZ (payoff) ;

® current literature is highly focused on a model-based pricing approach;
® we focus on a data-driven approach to tackle the nonlinear pricing problem.



Data




General Overview 6
2 types of data

> The data sets of type | consist of time series of prices, from initiation of the contract
to settlement, on the same underlier.

S&P 500 AAPL JPM
Time span Nov. 18 - Sept. 22 Nov. 18 - Sept. 22 Nov. 18 - Sept. 22
Number of contracts 432 228 194
Number of observations 72889 35440 26924

> The data sets of type Il consist of spot prices of volatility swap contracts at initiation,
on different underliers.

Index Equity
Time span Nov. 18 - No. 22 Jan. 17 - Nov. 22
Number of underliers 8 235

Number of observations 818 8647



Response variable 7
From Price to IVOL/Strike

The price, at time t, of a running contract is a rather unintuitive number.

> Typel
We rewrite the price of a contract using the fact that it reflects both the already
realized (0 — t) and unrealized (t — T) part of the contract:

Price; = DF; x [ 4/IVOL? x (1 — Weight,) + Accrued Vol? x Weight, — Strike | .
t t t t

® Weight = proportion of the current lifetime of the swap
® Accrued Vol = already realized historical volatility

> Type 2
We model strike K, since this is determined such that price=0 at contract initiation.



Predictor variables 8
Market-implied moments

» We model the variables IVOL /Strike that are completely determined by the move-
ments of the underlying asset S.

> We look at distributional features of S for possible predictor variables.

» Market-implied (M) N-th moment of the risk-neutral distribution of S is estimated
from quoted European vanilla option prices, via®

N K e’}
Iog<§T) ] :---+efT/ ...EP(K, T)dK+e’T/ ...EC(K, T)dK.
0 0 K

E

> We focus on summary statistics volatility, skewness and kurtosis.

1See Madan and Schoutens (2016)



Predictor variables 9
Market-implied moments on S&P500
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> We see large day-to-day instabilities, especially for the higher moments used in the
calculation of skewness and kurtosis.

> We decide to focus solely on market-implied volatility and skewness.



Predictor variables 10
Implied volatility-based features

> We translate option prices into implied volatilities (1V) using Black-Scholes formula.

> We use? \Y}

® MI Vol +— 100% IV;

* MI Skew «— (Z52)% IV;

* Ml Kurt «— (%52)% IV & (H955%) % IV.

0.75 1 1.25  Moneyness

2See, e.g., Mixon (2011)



Predictor variables

Overview

11

S1 S2 S3 S4 S5**
Contract Specific Features* v v v v v
MI Vol v v
MI Skew v
100% IV v v v
(k) 1 o
(9% v & (U979 1y ‘

*such as time to maturity.
**for S&P 500 and Type Il data sets.



Modeling




Candidate Models

Gaussian Process Regression (GPR)

12

» Consider (X,y) ={(x;,yi) | i=1,...,n}, a set of observations.
> We assume

y =f(x)+e,

with Gaussian process f(x) ~ GP(m(x), k(x,x')) and i.i.d. noise e ~ N(0,02).

A Gaussian process is a collection of random variables of which any finite set follows
a multivariate Gaussian distribution. For a sample (X,f) = {(x;,f)|i = 1,...,n}
generated from f(x), it holds

k(Xl,Xl) k(Xl,Xn)
f~N | mX)=0,K(X,X) = : :

k(xn,x1) ... k(xn,Xxn)




Candidate Models 13

Gaussian Process Regression (GPR)

> GPRis a Bayesian method, combining the Gaussian process prior with observed data
points.

> By definition3, for each test set X, of inputs and unknown f£,, it holds

il [ )

such that
£l X, X,y ~ N (K(X*,X) [K(X,X) +021) "y,
K(Xe, Xa) — K(Xa, X) [K(X, X) + 021] K(X,X*))
» Point predictions for f, correspond to the mean of this distribution.

3See e.g., Rasmussen and Williams (2006)



Candidate Models 14
Tree-based ML

In general, Regression Trees partition the predictor space, predicting the same value for
each member of the constructed subsets.

Random Forest (RF)*

> Build a collection of deep regression trees on bootstrapped samples.

> At each split, only a selection of predictor variables is used as split candidates, to
decorrelate the trees.

Gradient Boosting Machine (GBM)?>

> Build a collection of simple regression trees, all fit sequentially, learning from the
errors of predecessors.

See #Breiman (2001) and SFriedman (2001)



Purged, Walk-forward Cross-Validation 15

We use purged walk-forward validation® for hyper parameter tuning and testing the
model’s out-of-sample performance.

> Purging = all observations overlapping in time are included in the same set.

> Walk-forward = train-validation-test window rolls forward in time.

— Information leakage between training and validation/test set is limited.

time ordered response

R I I T
N T
ORI e

variable length

6See de Prado (2018).



Purged, Walk-forward Cross-Validation 16
Test sets on S&P 500
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Figure: Visualization of the different test sets on data set type | of S&P 500.



Results




How to interpret the results? 17

» The models are evaluated using the Mean Absolute Error (MAE) of prediction:

i

1 — -
MAE = — (,—f ,-
”;y (x7)

~

with y; the observed value for IVOL/Strike and f(x;) the prediction by the model.

» When comparing different levels of IVOL /Strike, we use the Mean Relative Percent-
age Error (MRPE) of prediction:
18 ‘y,- — f(x;)

MRPE = n; "

> The average is reported over the different test folds (out-of-sample performance).



Comparison of the Algorithms
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Comparison of the Input Settings
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General Findings 20

» The best performing algorithm changes over the different data sets.

» In general, adding higher order information on skewness (and kurtosis) improves the
predictive accuracy.

® We prefer IV-based input settings, because of the complexity to calculate MI-moments.
® Setting 4 is a safe choice, across the different data sets.



General Findings 20

» The best performing algorithm changes over the different data sets.

» In general, adding higher order information on skewness (and kurtosis) improves the
predictive accuracy.

® We prefer IV-based input settings, because of the complexity to calculate MI-moments.
® Setting 4 is a safe choice, across the different data sets.

Type | vs Type Il

| S&P 500 AAPL JPM Index Equity
MRPE | 0.0175 0.0183 0.0168 0.0224 0.0284

» Size of the data sets is much smaller.

P> Type Il data sets mixes various underliers.



Conclusion




Conclusion 21

The pricing of capped volatility swaps, at any point in time, during the lifetime of the
product, is an unsolved problem.

(1) While current literature is focused on model-based approximations of the price,
(2) we develop a data-driven pricing approach.

» This presentation deploys the use of various machine learning techniques within a
tailored cross-validation setting.

» The results show that

® the best performing algorithm changes over the different data sets;
® the preference is to use IV-based features, both on volatility and skewness.



Thank you!

eva.verschueren@kuleuven.be
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